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Several authors have argued that self-onsistent f(R) gravity models distint from ΛCDM are
almost ruled out. Confronting suh laims, we present a partiular two-parameter f(R) model that:
(a) is osmologially viable and distinguishable from ΛCDM; (b) is ompatible with the existene
of relativisti stars; () is free of singularities of the Rii salar during the osmologial evolution
and (d) allows the addition of high urvature orretions that ould be relevant for ination.
Introdution. Sine the disovery of osmi aeler-
ation, more than a deade ago, onsiderable eort has
been devoted in osmology to understand what is the
physial mehanism responsible for it. A reli osmologi-
al onstant Λ, even though arguably the simplest expla-
nation and in good aordane with observations, faes
some theoretial diulties (mainly due to the osmi o-
inidene problem and related ne-tuning [1℄) that have
motivated an intense searh for alternatives. These an
be divided into two main oneptual approahes, both
involving the introdution of new degrees of freedom (see
for instane [2℄): either one modies the left hand side of
Einstein's equations (modied gravity) or one adds a new
term to the energy momentum tensor, arguably assoi-
ated with a new fundamental eld not diretly related to
gravity.
Speial attention to the former approah has been
given in the last ve years. In partiular, f(R) grav-
ity theory, due to its simpliity, reeived the main fous
(for a reent review, see [3℄ and referenes therein). This
approah amounts to writing the ation as
S =
∫
d4x
√−g
[
1
16piG
f(R) + Lmat
]
, (1)
where f(R) = R+∆(R), R is the Rii salar and∆(R) is
an arbitrary funtion. General Relativity (GR) without
a osmologial onstant is obtained in the speial ase in
whih ∆(R) is identially zero. Although a great deal
of eort has been employed to develop this approah,
it appeared to be a diult hallenge to build a new
Lagrangian that does not spoil the suesses of GR 
one that passes solar system tests, desribes the early
universe, allows a matter-dominated phase followed by
an aelerating attrator [4℄  and, at the same time, do
not suer from urvature singularities [5℄. The presene
of singularities may have devastating onsequenes and
ould forbid, for instane, the formation of relativisti
stelar objets suh as neutron stars [6℄.
Singularity-Free f(R) Model. Several popular f(R)
models investigated in the literature are generalized by
the following expression
f(R) = R−RSβ
{
1−
[
1 +
(
R
R∗
)n]− 1β}
. (2)
For instane, hoosing β = −1 we obtain the models
presented in [7℄; for β = 1 we reover the model proposed
in [8℄; for n = 2 we get the f(R) funtion disussed in [9℄.
In this letter we onsider the speial ase in whih n = 1
and we take the limit β → ∞. In this limit (2) an be
reast as (rewriting RS as αR∗)
f(R) = R− αR∗ ln
(
1 +
R
R∗
)
, (3)
where α and R∗ are free positive parameters. Notie that
the above funtion satises the stability onditions [10℄:
(a) fRR := d
2f/dR2 > 0 (no tahyons [11℄); (b) fR :=
df/dR > 0 (no ghosts) for α < (R˜/R∗ + 1), where R˜ is
the value of the Rii salar at the nal aelerated xed
point; and () limR→∞∆/R = 0 and limR→∞∆R = 0
(GR is reovered at early times). Above and heneforth,
∆R := d∆/dR.
Starting from the ation (1), one obtains the equation
of motion for f(R):
fRRµν −∇µ∇νfR +
(
✷fR − 1
2
f
)
gµν = 8piGTµν , (4)
the trae of whih is given by
✷fR =
8piG
3
T +
1
3
(2f − fRR) , (5)
where T is the trae of the energy-momentum tensor.
We now introdue the salar degree of freedom (d.o.f.)
χ := fR and write the equations based on the mapping
from f(R) gravity (with positive rst and seond deriva-
tives) onto Brans-Dike salar-tensor theory with param-
eter ω = 0. The resulting eld equation is
✷χ =
dV
dχ
−F , (6)
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Figure 1: V (χ)/R∗ := −U(χ)/R∗ for dierent models: ours,
with α = 2 (blue solid line), Starobinski's for {n=2, λ =
2} [see [9℄℄ (red, dashed line) and Hu & Sawiki's for {n=2,
m2 = 1, c1/c2 = 2} [see [8℄℄ (green dot-dashed line). The
physially interesting region is 0 < χ < 1. For the multi-
valued potentials only the lower lines are physial.
with the fore term given by F := −(8piG/3)T and
dV (R(χ))
dχ
:=
1
3
(2f − fRR) . (7)
When applying the model (3) to a spatially homoge-
neous and isotropi universe the salar d.o.f.beomes
χ[R(t)] = 1− αR∗
R(t) +R∗
. (8)
and the d'Alembertian in (6) is eetively just a time-
derivative: ✷ ≡ −∂2/∂t2 − 3H∂/∂t; our hoie for the
metri signature is (−,+,+,+). It is straightforward to
see that χ → 1− as R → ∞, whih points out the
same singularity [5℄ featured in previous models [8, 9, 12℄.
Inverting the relation (8) and integrating (7) we nd that
(up to a onstant)
3V (χ)
R∗
= −α(2χ−3) ln
(
α
1− χ
)
+(χ− 1)
(
χ− 3
2
− α
)
.
(9)
Note that sine (8) denes a one-to-one relation between
χ and R, the potential V (χ) is well-dened and not multi-
valued, ontrary to the models in [7, 8, 9℄. Fig. 1 depits
the potential for α = 2, as well as typial potentials de-
rived from models [8, 9℄. Taking the limit χ → 1− we
nd that
V (χ→ 1−) ≈ αR∗
3
ln
(
α
1− χ
)
→ +∞ (10)
whih shows the presene of an innite barrier at χ = 1
that prevents the singularity disussed in [5℄ to be
reahed.
We an understand this result in a more intuitive way
by making use of the well-known duality between f(R)
and salar-tensor theories: a onformal transformation of
the metri an ast the Lagrangian from the Jordan into
the Einstein frame, onverting the salar d.o.f. χ into a
anonial salar eld χ˜ := −
√
3/16piG lnχ [13℄. The eld
equation for χ˜ has the same struture of (6), but with
the following potential
VE
(
R
(
χ˜
))
=
1
16piG
R∆R −∆
(1 +∆R)2
. (11)
All the disussion above, regarding the presene of an
innite barrier, applies to VE as well. Note that sine
1 + ∆R > 0 (stability ondition (b)), the numerator of
Eq. (11) is the only fator that an make the potential
diverge as R → ∞. In [14℄ the singularity was avoided
by introduing an extra high-urvature term αRn (>1) in
the model investigated in [9℄. It is easy to see why that
kind of orretion works: in that ase, the numerator
in (11) is itself proportional to Rn. Nevertheless, suh
term annot be used, at the same time, both to avoid
the singularities and to generate ination [16℄. This is
not the ase of the model investigated in this letter, sine
it is not neessary to inlude suh terms to avoid the two
singularity problems, as we have shown above (for the
ase disussed in [5℄) and will show bellow for the ase
disussed in [6℄.
Notie that two dierent singularity-free lasses of
f(R) are possible: we an pik a funtion ∆ suh that
either limR→∞R∆R =∞ or limR→∞∆ = −∞ holds. In
the former ase, ∆ an even beome onstant as R→∞
 whih atually happens in the models previously men-
tioned [8, 9℄  but it should do so slowly, thus keeping
the divergene of R∆R, whih does not happen on those
models. The model (3) belongs to the latter ase. An-
other interesting example of this lass is
f(R) = R− αR∗
(
1 +
R
R∗
)n
(12)
with α > 0 , R∗ > 0 and n ∈ (0, 1). Although preliminary
tests indiate that this model is osmologially viable,
it arries an expliit positive osmologial onstant, in
diret ontrast to (3).
We further remark that the potential (11) derived
from (3) generates a Yukawa-like fore whih is fully om-
patible with the Chameleon mehanism [13, 15℄. In other
words, the mass of the χ eld is large (small) when the
bakground matter density is large (small). This mass
dependene on the loal environment explains how this
extra (or fth) fore an have osmologial impliations
while at the same time evading detetion by loal gravity
experiments.
Relativisti Stars. The authors of [6℄ argue that the
very existene of relativisti stars poses a strong on-
straint on f(R) gravity theories. For the models studied
in that paper, it was not possible to evolve the metri
from inside a star up to large spatial sales and math the
de Sitter solution asymptotially. We show below that
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Figure 2: The eld χ with α = 1.2, pc = 0.3ρ0 and Rc varying
from 1 × 10−8ρ0 to 4 × 10
−8ρ0. The arrow points out the
solution that stops at the maximum of the potential at r →
∞. The (red) thin lines indiate the region inside the star.
this divergene is irumvented by model (3) and, there-
fore, does not represent a general feature of f(R) models.
For the sake of larity, we follow the lassial-mehanis
analogy used in [6℄ and the neessary denitions. We on-
sider a stati and spherially symmetri metri and write
the d'Alembertian in (6) as ✷ ≡ ∂2/∂r2 + (2/r)∂/∂r
in spherial oordinates; we are assuming a Minkowski
bakground for a moment. In this ase, Eq. (6) an be
seen as the equation of motion of a lassial partile of
unit mass (albeit one whose time oordinate is our spa-
tial oordinate r) submitted to both an external and fri-
tional fores. Therefore
d
2χ
dr2
+
2
r
dχ
dr
= F˜ + FU , (13)
where F˜ := −F and FU := −dU/dχ are, respetively,
the fore due to the trae of the energy-momentum ten-
sor (non vanishing inside the star) and the fore due
to the potential U(χ) = −V (χ), see Eq. (9) and Fig. 1.
Again, the hange in sign is just a onsequene of the fat
that now it is the spatial (instead of time) dependene of
χ whih is the most relevant.
For the models analyzed in [6℄, there was no solution
whih would desribe a partile going uphill pulled by
the fore F˜ (while still inside the star) and stop at the
top of the potential at r → ∞, whih would orrespond
to the de Sitter metri. The partile would either return
and reah the singularity at χ = 1 (where R → ∞) or
overshoot the potential towards χ = 0 (whih would also
lead to a singularity, for instane, in the Kretshmann
salar K := RαβµνRαβµν). Fairly enough, U(χ) diverges
at χ = 1, as in all other models [8, 9℄. As we will show
below, the advantage here is a well-behaved solution fully
ompatible with relativisti stars embedded in a de Sitter
universe.
Let us now determine the full evolution of the χ eld.
As previously mentioned, we start from a stati and
spherially symmetri metri
ds2 = −N(r) dt2 + 1
B(r)
dr2 + r2 dΩ2 (14)
and assume a onstant energy-density star
whose energy-momentum tensor is given by
T νµ = diag(−ρ0, p(r), p(r), p(r)). The initial ondi-
tions at ri = 10
−8R
−1/2
∗ , i.e, lose to the enter of the
star, are given by N(ri) = 1+N2 r
2
i , B(ri) = 1+B2 r
2
i ,
p(ri) = pc + p2 r
2
i /2 and χ(ri) = χc
(
1 + C2 r
2
i /2
)
.
The oeients N2, B2, p2 and C2 an be written in
terms of ρ0 = 2 × 108Λeff and of the entral values
pc = 0.3ρ0, Rc = 10
−8ρ0, V (χc) and dV/dχ(χc).
The eetive value of the osmologial onstant is given
by Λeff = R1/4, where R1 is the value of the Rii
salar when dV/dχ = 0. We refer the reader to the
original paper [6℄ for the full set of equations. Energy
onservation provides an important relation between
p(r) and N(r) inside the star. We evolve the system
{p,B, χ, dχ/dr} from ri up to the radius R of the
star (dened by p(R) = 0) where we require ontinuity
of the variables. From then on we evolve the system
{N,B, χ, dχ/dr} until r = R−1/2∗ (osmologial sales).
We show in Figure 2 the behavior of the eld χ for
dierent values of initial onditions. Note that some tra-
jetories do not get past the top of the potential and
return towards the singularity at χ = 1 (top 3 urves)
while others (3 lowest ones) overshoot and go towards
χ = 0 and one (indiated by an arrow) stops right at
the maximum. We reall that this solution was obtained
without any high-urvature orretion. It is obviously an
issue of ne tuning the initial onditions to stop exatly
there. Another remarkable feature of this model is the
absene of singularity in K as χ dereases below the peak
of its potential.
A Promising Model. A viable osmologial model
must start with a radiation-dominated universe and
have a saddle point matter-dominated phase followed
by an aelerated epoh as a nal attrator. We an
formally state suh riteria if we use the parameters
m := Rf,RR/fR and r := −RfR/f . We refer the
reader to the original paper [4℄ for a full disussion
on this subjet. An early matter-dominated epoh of
the universe an be ahieved if m(r ≈ −1) ≈ 0+ and
dm/dr(r ≈ −1) > −1. Furthermore, a neessary ondi-
tion for a given model to reah a late-time aelerated
phase is 0 < m(r ≈ −2) ≤ 1. The model (3) satises
both onstraints for α > 1 regardless of R∗.
Using (4), we obtain the modied Einstein's equations
below for a homogeneous universe lled with matter en-
ergy density ρm (baryons and old dark matter) and ra-
diation energy density ρr:
3H2 = 8piG (ρm + ρr) + (fRR− f) /2 − 3Hf˙R+
+ 3H2(1− fR) (15)
−2H˙ = 8piG (ρm + 4ρr/3) + f¨R −Hf˙R − 2H˙(1− fR),
(16)
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Figure 3: Cosmologial evolution of the densities Ωm, Ωr, Ωc
(solid lines), the deeleration fator q (dot-dashed line), the
jerk j (dotted line) , the equation of state parameters wx and
weff (dashed and dotted lines, respetively), for α = 2.
where a dot orresponds to derivative with respet to t,
H ≡ ·a/a and a(t) is the sale fator. From the equations
above, we an dene ρx, px and wx := px/ρx, respetively
the energy density, pressure and the equation-of-state pa-
rameter of the so-alled urvature uid:
8piGρx := (fRR− f) /2 − 3Hf˙R + 3H2(1− fR) (17)
8piGpx := f¨R + 2Hf˙R − (2H˙ + 3H2)(1 − fR)+
+ (f − fRR)/2 . (18)
These denitions are suh as to guarantee that the ur-
vature uid is onserved and only minimally oupled to
matter and radiation [17℄. We also dene the relative
densities Ωi (where i stands for either radiation, matter
or urvature) Ωi := 8piGρi/3H
2
.
In Figure 3 we plot the behavior of Ωm, Ωr, Ωx, the de-
eleration parameter q := −a¨a/a˙2, the jerk j := ...aa2/a˙2,
the equation of state parameters for the urvature uid
wx and for the eetive uid weff := ptot/ρtot ≡ (pr +
px)/(ρm + ρr + ρx), all of whih an be written in terms
of known variables R, H2 and ρi. In Fig. 3 we an learly
distinguish the radiation-dominated era when q ≃ 1 (and
j ≃ 3, not shown), followed by a transient domination
by matter (q ≃ 1/2 and j ≃ 1), the urrent aeler-
ated expansion (q < 0) and the nal de Sitter attrator
(q = −j = −1). We nd similar results for dierent ini-
tial onditions and parameters, indiating what seems to
be an absene of ne tuning. We remark that the wx
urve in Fig. 3 is noisy in the early universe sine at that
time ρx is too small and the numerial alulation of wx
beomes inaurate.
We point out that there is some residual arbitrariness
in dening ρx and px even if one is only interested in on-
served and minimally oupled uids. The one we follow,
together with the denition of Ωi, is onvenient for om-
parison with GR-based interpretations of observations.
As another onsequene of Eqs. (17) and (18), wx nei-
ther rosses −1 nor diverges at low redshift in ontrast
with [18℄, where slightly dierent denitions are adopted.
Note, however, that observable quantities like H and ρm
are well-dened and in fat, using either denition, have
the same osmologial evolution.
Conlusions. We have shown that some reent results
in the literature regarding divergenes in f(R) theories
are not as general as previously thought. In fat, even a
ompat, two-parameter lagrangian like the one in (3)
an evade the aforementioned singularities. Observa-
tional onstraints on this model are under investigation
and the results will be published elsewhere.
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